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Introduction
We say that the homotopy principle holds for a certain analytic or geo-
metric problem if a solution exists provided there are no topological (or homo-
topical, cohomological,. . .) obstructions. One of the principal examples is the
theory of smooth immersions developed during 1958–61 by S. Smale [Sm1, Sm2]
and M. Hirsch [Hi1, Hi2]: Immersions of a smooth manifold X to affine spaces
IRN of dimension N > dimX can be classified up to regular homotopy by their
tangent maps, and hence by vector bundle injections from the tangent bundle
TX to the trivial bundle X×IRN . In particular, an immersion X → IRN exists
if and only if TX embeds in X × IRN . If X is an open manifold then the same
holds also for N = dimX .
Slightly earlier J. Nash [N1, N2] proved that every Riemannian manifold
admits an isometric immersion into a Euclidean spaces with the flat metric.
In the process he discovered an important new method for inverting certain
classes of non-linear partial differential operators by using a suitably modified
Newton’s iteration to pass from solutions of the linearized problem to a solu-
tion of the non-linear problem. The Nash-Moser-Kolmogorov implicit function
theorem became one of the key methods for proving the homotopy principle in
problems involving underdetermined systems of partial differential equations.
The homotopy principle was investigated even earlier in complex analysis
where the customary expression for this phenomenon is the Oka principle. In
1939 Kiyoshi Oka [Oka] studied the second Cousin problem: Given an open cov-
ering U = {Uj} of a complex manifold X and a collection of nowhere vanishing
holomorphic functions fij ∈ O∗(Uij) satisfying the 1-cocycle condition (fii = 1,
fijfji = 1, fijfjkfki = 1), the problem is to find a collection of nonvanishing
holomorphic functions fi ∈ O∗(Ui) such that fi = fijfj on Uij = Ui ∩ Uj .
(Here O∗ denotes the multiplicative sheaf of nonvanishing holomorphic func-
tions on X .) Oka proved that, if X is a domain of holomorphy in Cn, a second
Cousin problem can be solved by holomorphic functions fi provided that it can
be solved by continuous functions. A modern formulation of Oka’s theorem
is that the Picard group Pic(X) = H1(X ;O∗) of equivalence classes of holo-
morphic line bundles is isomorphic to the group H2(X ;Z); the isomorphism
is obtained from the cohomology sequence of the ‘exponential sheaf sequence’
0→ Z →֒ O → O∗ → 1, where the map O → O∗ is f → exp(2πif).
In 1951 K. Stein [Stn] introduced an important class of complex mani-
folds, now called Stein manifolds, on which the algebra of global holomorphic
functions has similar properties as on domains of holomorphy. It soon became
clear throught the work of Remmert [Rem] that Stein manifolds can be char-
acterized as being biholomorphic to closed complex submanifolds of the affine
complex spaces. (For more precise results see [Na1, Na2] and [Bis]. For the
general theory of Stein manifolds we refer to the monographs [GR], [GRe] and
[Ho¨r].) H. Cartan proved that every coherent analytic sheaf on a Stein man-
ifold is generated by global sections and has vanishing cohomology groups in
all dimensions q ≥ 1 (Theorems A and B). Thus every analytic problem on a
Stein manifold whose only obstruction lies in such a group is solvable.
An equivalent formulation of Oka’s result on the second Cousin problem is
that two holomorphic line bundles on a Stein manifold are holomorphically iso-
morphic provided they are isomorphic as topological complex vector bundles.
This problem has an immediate extension to vector bundles of rank q > 1. The
holomorphic equivalence classes of such bundles are represented by the coho-
mology group H1(X ;Gq) with coefficients in the non-abelian sheaf of (germs of)
holomorphic maps X → GLq(C). Cartan’s theory does not apply directly to
such sheaves and one must in some sense linearize the problem. This was done
by H. Grauert in seminal papers [Gra1, Gra2] from 1957-58 in which he proved
that for complex vector bundles over Stein manifolds, holomorphic classifica-
tion agrees with topological classification. Grauert reduced the problem to the
homotopy classification of sections of holomorphic fiber bundles with homoge-
neous fibers, showing that the inclusion of the space of holomorphic sections
into the space of continuous sections is a weak homotopy equivalence. For ex-
positions of Grauert’s theory see [Ca], [Ram] and [Lei]. An equivariant version
of Grauert’s theorem was proved in [HK]. A different proof and extension to
1-convex manifolds was given in [HL1, HL2]. Recently the result was extended
to 1-convex complex spaces [LV].
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Progress during the 1960’s brought improvements and extensions of the
Hirsch–Smale theory in real geometry and of Grauert’s theory in complex geom-
etry. Phillips [Ph1, Ph2, Ph3] showed that the homotopy principle, analogous
to the Hirsch-Smale theory of immersions, holds for smooth submersions and
foliations of open manifolds. Forster [Fs1, Fs2] applied the Oka-Grauert prin-
ciple to study holomorphic embeddings of Stein manifolds in low dimensional
affine spaces. Forster and Ramspott [FRa] proved the Oka principle in the
problem of holomorphic complete intersections. In another direction, Gunning
and Narasimhan [GN] (1967) constructed noncritical holomorphic functions on
any open Riemann surfaces.
The homotopy principle in real differential topology in geometry was rev-
olutionized by Mikhael Gromov in the period 1967–73. In his seminal paper
[Gr1] Gromov presented the method of convex integration of differential rela-
tions which unified many seemingly unrelated geometric results (in particular
the Smale-Hirsch theory of immersions and Phillips’s result on submersions).
Gromov’s methods initiated rapid progress, and new examples which fit into
this framework are being found even today. For a comprehensive survey of
this and other methods to prove the homotopy principle we refer to Gromov’s
monograph [Gro2, 1986]. During recent years other monographs appeared on
this topic, see e.g. [Sp] and [EM]. The convex integration method, together with
other methods for solving global problems such as the removal of singularities
(Gromov and Eliashberg [GE, Gro2]), continuous sheaves [Gro2], inversions of
differential operators (Nash [N1, N2], Hamilton [Ham], Gromov [Gro2]), today
provides one of the cornestones of differential topology and geometry.
In this paper we survey the homotopy principle in complex analysis and
geometry, drawing parallels with the real geometry where appropriate. Results
of this type are commonly referred to (as instances of) the Oka principle when
the underlying manifold is Stein. To our knowledge this notion has never been
precisely defined, or at least there is no universal agreement on what the defini-
tion should be. In the monograph [GRe] of Grauert and Remmert one finds on
p. 145 the following formulation: Analytic problems (on Stein manifolds) which
can be cohomologically formulated have only topological obstructions. If ‘coho-
mologically’ is interpreted in the sense that the obstruction to a given problem
lies in a cohomology group with coefficients in a coherent analytic sheaf then
this is just Cartan’s Theorem B. The Oka-Grauert theory goes a step further
by reducing a holomorphic problem to a problem in homotopy theory. Hence
one is tempted to include in the Oka principle all those analytic problems on
Stein manifolds which can be homotopically formulated. There is a serious
limitation to such attempts since certain analytic problems have no solution
due to hyperbolicity (Picard’s theorems, Kobayashi hyperbolicity, etc.).
What is then a sensible notion of the Oka principle which would adequately
cover the known results? It’s probably impossible to find one. For the purposes
of this paper we adopt the convention that
The Oka principle = the homotopy principle in complex analysis.
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We give precise definitions, conforming to Gromov’s [Gro2], in Section 1.
It is not surprising that some of the most powerful methods to prove the
homotopy principle in the smooth category do not extend to the holomorphic
category. The absence of partitions of unity can be substituted to a large ex-
tent by Cartan’s theory and the ∂-methods. A more serious problem is that
boundary values completely determine holomorphic objects. This disqualifies
the convex integration method which is based on extending a solution by in-
duction over the skeleta of a CW-complex. Fortunately some of the other
methods mentioned above remain applicable in Stein geometry. This holds for
the elimination of singularities which reduces differential conditions to essen-
tially algebraic conditions along submanifolds (or complex subvarieties), as well
as for the Nash-Moser theory of inverting certain differential operators.
In 1970’s it became clear that progress on many questions in Stein geome-
try essentially depended on extending the Oka-Grauert principle to sections of
more general types of holomorphic fiber bundles, and even of non-locally trivial
submersions. A crucial contribution was made by Henkin and Leiterer [HL1,
HL2] who reproved Grauert’s theorem using the ‘bumping method’, thereby
localizing the approximation problems which arise in the construction of global
sections. This turned out to be a key point which opened the way to exten-
sions. The potential was realized by Gromov in 1989 [Gro3] who introduced the
concept of a dominating spray as a replacement of the exponential map in the
linearization and patching problems which appear in the Oka-Grauert theory.
The presence of a dominating spray on the fiber of a holomorphic bundle over
a Stein manifold implies the Oka principle for its sections. Results on this topic
are given in Section 3.
In Section 4 we look at the question of removing intersections of holomor-
phic maps from Stein source manifolds with closed complex subvarieties of the
(not necessarily Stein) target manifolds. Progress in this direction was made
possible by the techniques developed to prove Gromov’s Oka principle men-
tioned above. In the classical case of complete intersections the Oka principle
was proved in 1967 by Forster and Ramspott [FRa].
In Section 5 we survey the results on embeddings and immersions of Stein
manifolds into affine spaces. In 1956 R. Remmert proved [Rem] that every Stein
manifold Xn admits a proper holomorphic embedding in C2n+1 and immersion
in C2n (see also Narasimhan [Na1, Na2] and Bishop [Bis]). For embeddings
of smooth manifolds Xn → IRN the general minimal dimension is N = 2n.
However, an n-dimensional Stein manifoldXn behaves in the sense of homotopy
theory as being at most real n-dimensional. After the initial work of Forster
[Fs1, Fs2] the optimal embedding dimension N = [3n/2] + 1 was conjectured
by Gromov and Eliashberg in 1971 [GE] and proved in 1992 [EG] (for odd n
the proof was completed in [Sch]). The problem of embedding open Riemann
surfaces to C2 is still open and we survey it in Section 6.
In Section 7 we mention some of the results from the recent work [F8]
on the existence of holomorphic submersions of Stein manifolds to complex
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Euclidean spaces.
The survey is not comprehensive in any way and the choice of material
reflects personal tastes and limitations of its author. Among the many topics
which are not discussed we mention the existence and homotopy classification
of Stein structures on even dimensional smooth manifolds; see Eliashberg’s
paper [El] and the monographs by Gromov [Gro2] and Gompf and Stipsicz
[GSt]. I apologize to all authors whose contributions to this field may have
been unjustly left out.
&1. The homotopy principle and the Oka principle.
We begin by recalling from [Gro2] the notion of a differential relation.
Consider a smooth submersion h:Z → X between smooth real manifolds. Let
Z(r) denote the space of r-jets of (germs of) smooth sections f :X → Z for
r = 0, 1, 2, . . .. The 0-jet of f at x ∈ X is its value f(x) ∈ Zx = h−1(x). The
r-jet jrx(f) ∈ Z(r) is determined in local coordinates near x ∈ X resp. f(x) ∈ Z
by the partial derivatives of f of order ≤ r at x.
We have natural projections pr:Z(r) → Z and psr:Z(s) → Z(r) for s > r ≥
0, where Z(0) = Z. The jet bundles Z(r) carry natural smooth structures, as
well as affine structures in fibers (see [Gro2] for more details). When X and
Z are complex manifolds and h:Z → X is a holomorphic submersion, we shall
denote by Z(r) the space of r-jets of holomorphic sections f :X → Z.
Note that for every section g:X → Z(r) we get a corresponding ‘base point’
section f = pr(g):X → Z. In general g need not equal jr(f); when g = jr(f)
we say that the section g is holonomic.
1.1 Definition. [Gro2, p. 2]) A differential relation of order r is a subset
R ⊂ Z(r) of the r-jet bundle Z(r). A Cr section f :X → Z is said to satisfy (or
to be a solution of) R if jr(f):X → Z(r) has values in R (i.e., jrx(f) belongs
to the fiber Rf(x) = (pr)−1(f(x)) of R over the point f(x) ∈ Z).
The relation R ⊂ Z(r) is said to be open (resp. closed) when R is an open
(resp. closed) subset of the jet bundle Z(r). Natural examples of closed relations
which arise in geometric problems are unions of submanifolds (or subvarieties)
of the jet bundle Z(r), and open relations as complements of submanifolds (or
subvarieties). Differential equations are examples of closed differential relations.
1.2 Definition. (a) ([Gro2, p. 3]) Let r be a nonnegative integer and let
s ∈ {r, r+1, . . . ,∞}. We say that solutions of class Cs of a differential relation
R ⊂ Z(r) satisfy the basic h-principle if every continuous section φ0:X → R
is homotopic through sections φt:X → R (t ∈ [0, 1]) to a holonomic section
φ1 = j
r(f) for some Cs section f :X → Z.
(b) Assume that h:Z → X is a holomorphic submersion. We say that sections
X → Z of h satisfy the basic Oka principle if every continuous section is
homotopic to a holomorphic section. (For the parametric Oka principle see
Definition 2.1.)
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(c) ([Gro2, p. 66]; assumptions as in (b).) For r ≥ 1 we say that a differential
relation R ⊂ Z(r) satisfies the holomorphic h-principle if every holomorphic
section φ0:X → R is homotopic through holomorphic sections φt:X → R to
a holonomic holomorphic section φ1 = j
r(f):X → R (where f :X → Z is
a holomorphic section of h:Z → X). We say that R satisfies the basic Oka
principle if every continuous section φ0:X →R is homotopic through a family
of continuous sections of R to a holomorphic holonomic section of R.
1.3 Remarks. (a) In the Cs-smooth case one usually takes the fine Cs topology
on the space of Cs sections X → Z. In the holomorphic case one must use the
weaker compact-open topology to obtain meaningful results.
(b) One can introduce more refined notions such as the parametric h-principle,
the h-principle with approximation (or interpolation), the relative h-principle,
etc. We refer the reader to [Gro2]. In section two we introduce some of these
notions in the holomorphic case (for relations of order zero).
(c) The problem of deforming a continuous section φ0:X →R to a holomorphic
holonomic section can be treated in two steps:
- first deform φ0 through continuous sections of R to a holomorphic section
φ1:X →R (the ordinary Oka principle for sections X →R);
- deform a (non-holonomic) holomorphic section φ1:X → R through a ho-
motopy of holomorphic sections φt:X → R (t ∈ [1, 2]) to a holomorphic
holonomic section φ2 = j
r(f) (the holomorphic h-principle).
1.4 Examples. (a) Mappings X → Y . An open differential relation of
order zero is specified by an open subset Ω ⊂ Y , and the h-principle requires
that every continuous map X → Ω is homotopic to a smooth (real-analytic,
holomorphic) map through a homotopy with range in Ω. For smooth maps
this follows from Whitney’s approximation theorem. The problem is highly
nontrivial in the holomorphic case (Sections 2 and 3).
(b) Smooth immersions. Let X be a smooth manifold. A map f =
(f1, . . . , fq):X → IRq is an immersion if its differential dfx:TxX → Tf(x)IRq ≃
IRq is a injective for every x ∈ X . The pertinent differential relation (of order
one) consists of all points (x, y, λ) where x ∈ X , y ∈ IRq and λ ∈ Hom(TxX, IRq)
with λ injective. Clearly the value f(x) is unimportant due to translation in-
variance, and we can reduce the problem to the relation R whose sections are
injective vector bundle maps TX → X × IRq from the tangent bundle of X
into the trivial bundle X × IRq. (Alternatively, we can consider the relation
whose sections are q-tuples of differential 1-forms θ = (θ1, . . . , θq) on X which
together span the cotangent space T ∗xX at each point x ∈ X .) The h-principle
of Smale [Sm1, Sm2] and Hirsch [Hi1, Hi2] asserts that if either q > dimX , or if
q = dimX and X is open, then the regular homotopy classes of smooth immer-
sions X → IRq are in one-to-one correspondence with the homotopy classes of
vector bundle injections TX → X × IRq. In particular, an immersion X → IRq
exists if and only if the cotangent bundle T ∗X is generated by q sections.
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(c) Holomorphic immersions. The Oka principle for holomorphic immer-
sions X → Cq of Stein manifolds to affine spaces of dimension q > dimX was
proved by Eliashberg and Gromov [Gro2] (Section 5 below). The problem is
open in the critical dimension q = dimX except for a positive result in dimen-
sion n = 1 due to Gunning and Narasimhan [GN]. The Oka principle also holds
for relative immersions (maps g:X → Cn such that f = b⊕ g:X → Cm+n is a
holomorphic immersion, where b:X → Cm is a fixed holomorphic map).
(d) Smooth submersions. These are smooth maps X → Y of rank equal
to dimY at each point of X (hence dimY ≤ dimX). The tangent map of a
submersion Xn → IRq induces a surjective vector bundle map TX → X × IRq.
The homotopy principle due to Phillips [Ph1, Ph3] asserts that for any open
manifold X, the regular homotopy classes of submersions X → IRq are in one-
to-one correspondence with surjective vector bundle maps TX → X × IRq. In
particular, a submersion X → IRq exists if the tangent bundle TX admits a
trivial subbundle of rank q. (See also Gromov [Gro2, pp. 26, 53].) In fact
the h-principle holds for smooth submersions of open manifolds to arbitrary
manifolds. It also holds for smooth maps X → Y of constant rank k [Ph2] or
rank ≥ k (Feit [Fe], [Gro2, p. 27]).
(e) Holomorphic submersions. In 1967 Gunning and Narasimhan proved
that every open Riemann surface admits a holomorphic function without critical
points [GN]. Very recently it was proved in [F8] that the same holds on every
Stein manifold X . Moreover, holomorphic submersions X → Cq satisfy the
Oka principle when q < dimX (Section 7 below). In the maximal dimension
q = dimX the problem is still open: Does every Stein manifold Xn with trivial
tangent bundle admit a locally biholomorphic map f :X → Cn?
(f) Foliations. A foliation F of rank q of an n-dimensional manifold X
is determined by an integrable rank q subbundle E ⊂ TX whose fiber Ex
is the tangent space to the leaf of F through x ∈ X . The corresponding
homotopy principle was proved for smooth open manifolds by Phillips [Ph2],
and for closed manifolds by Thurston [Th1, Th2] (see also [Gro2], p. 102 and
p. 106]): If a smooth subbundle E ⊂ TX has a trivial normal bundle TX/E
then E is homotopic to an integrable smooth subbundle in TX (which therefore
determines a smooth foliation on X). The same holds if N = TX/E admits
locally constant transition functions. In [F8] the analogous results are proved
for holomorphic foliations on Stein manifolds. The h-principle fails for real-
analytic foliations on closed manifolds since no closed simply connected real-
analytic manifold admits a real-analytic foliation of codimension one (Haefliger
[Hae]). For example, the seven-sphere S7 admits a smooth codimension one
foliation but no real-analytic one.
(g) Totally real immersions and embeddings. Let S be a smooth manifold
and X a complex (or almost complex) manifold. An immersion f :S → X is
totally real if for each p ∈ S the image Λp = dfp(TpS) ⊂ Tf(p)X is a totally real
linear subspaces of Tf(p)X , i.e, Λp ∩ J(Λp) = {0} where J ∈ End(TX) is the
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almost complex structure on X . The pertinent differential relation is the set
of tripples (p, x, λ) where p ∈ S, x ∈ X and λ ∈ Hom(TpS, TxX) is an injective
IR-linear map whose image is a totally real subspace of TxX . When X = C
n we
can reduce the problem to a relation whose sections are injective IR-linear vector
bundle maps ι:TS → S × Cn with ι(TpS) ∩ iι(TpS) = {0} for all p ∈ S. The
homotopy principle holds for totally real immersions and embeddings of any
smooth manifold into any complex manifold. An important point is that the
Whitney trick can be performed through totally real submanifolds. See [Gro2,
EH, F1, Au], and for dimension two also [F2, F7].
(h) Isometric immersions and embeddings. The fundamental work of
Nash [Na1, Na2] initiated a rich and complex theory. An interesting feature
of Nash’s discovery is that every smooth Riemannian manifold (Xn, g) admits
local isometric immersions of class C1 already in IRn+1 (codimension one!), but
C∞ isometric immersions require larger codimension. For q ≥ 1
2
(n + 2)(n+ 3)
free isometric immersions Xn → IRq satisfy the homotopy principle [Gro2, p.
12]. Important results in this field were obtained by R. Greene and collabora-
tors [Gn, GW, GSh]. We refer to [Gro2] for further results and references.
&2. The Oka principle for mappings: first examples.
Let X and Y be complex manifolds. We say that mappings X → Y satisfy
the basic Oka principle if every continuous map is homotopic to a holomor-
phic map. For mappings between Riemann surfaces a complete answer on the
validity of the Oka principle was given by Winkelmann [Wi]. For manifolds of
higher dimension only partial results are known.
A compact set K in a Stein manifold X is holomorphically convex if for
every point p ∈ X\K there is an f ∈ O(X) such that f(p0) > supx∈K |f(x)|.
Let P be a compact Hausdorff space (the parameter space) and P0 ⊂ P be a
compact subset which is a strong deformation retraction of some neighborhood
of P0 in P . We shall consider the following stronger versions of the Oka principle
(see the notion of Ell∞ fibrations in [Gro3], as well as Theorem 1.5 in [FP2].)
2.1 Definition. (a) Maps X → Y satisy the parametric Oka principle
if for any continuous map f :X × P → Y such that fp = f(· , p):X → Y is
holomorphic for each p ∈ P0 there is a homotopy of continuous maps f t:X ×
P → Y (t ∈ [0, 1]) such that (i) f0 = f , (ii) the map f1p := f1(· , p):X → Y is
holomorphic for each p ∈ P , and (iii) f tp = fp for each p ∈ P0 and t ∈ [0, 1].
(b) Let X be a Stein manifold and let ρ be a metric on the complex manifold
Y inducing the manifold topology. Maps X → Y satisfy the parametric Oka
principle with approximation if for every compact holomorphically convex
subset K ⊂ X and for every f :X × P → Y as in (a) such that all maps fp
(p ∈ P ) are holomorphic in an open neighborhood of K in X , there is for every
ǫ > 0 a homotopy f t:X×P → Y satisfying (a) and also ρ(f t(x, p), f(x, p)) < ǫ
(x ∈ K, p ∈ P ).
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(c) Maps X → Y satisfy the parametric Oka principle with interpolation
if for every closed complex subvariety X0 ⊂ X and for every f :X × P → Y as
in (a) such that all maps fp (p ∈ P ) are holomorphic in an open neighborhood
of X0 in X , there is for every r ∈ IN a homotopy f t:X ×P → Y as in (a) such
that f tp agrees with fp to order r on X0 for every t ∈ [0, 1] and p ∈ P .
The above notions clearly extend to sections f :X → Z of a holomorphic
submersion h:Z → X (see [Gro3] or [FP2]).
2.2 Remark. The parametric Oka principle for maps X → Y implies that
the inclusion
ι: Holo(X ; Y ) →֒ Cont(X ; Y ) (2.1)
of the space of holomorphic maps into the space of continuous maps is a weak
homotopy equivalence, i.e., it induces isomorphisms of the corresponding ho-
motopy groups of the two spaces which are equipped with the compact-open
topology [FP1]. (In some papers this is the definition of the parametric Oka
principle.) In particular, each connected component of Cont(X ; Y ) contains
precisely one connected component of Holo(X ; Y ) which means that (a) every
continuous map is homotopic to a holomorphic map, and (b) every homotopy
between a pair of holomorphic maps can be continuously deformed to a homo-
topy consisting of holomorphic maps. ♠
The basic Oka principle can hold for a trivial reason that either of the
manifolds X or Y is contractible (hence every map is homotopic to constant).
However, topological contractibility does not necessarily imply the parametric
(or any other) Oka principle. In all nontrivial situations where the Oka principle
has been established for all Stein source manifolds X , it was actually proved in
the strongest form (parametric, with interpolation and approximation). This
is no coincidence since at least the approximation is built into all the known
proofs.
We collect positive results on the Oka principle for maps (and sections) in
Section 3 below. In the remainder of this section we give examples illustrating
the failure of the Oka principle for maps from Stein source manifolds. In most
examples the reason for the failure is hyperbolicity of the target manifold.
2.3 Example. If either X or Y is contractible then the Oka principle for maps
X → Y trivially holds. However, the Oka principle with approximation fails
already for self-maps of the unit disc U = {z ∈ C: |z| < 1}: If a ∈ U\{0} and
0 < r < 1−|a|, the translation f(z) = z+a maps {|z| < r} holomorphically into
U and it extends to a smooth a map U → U , but it cannot be approximated
uniformly on any neighborhood of the origin 0 ∈ U by a holomorphic map
g:U → U since this would give g′(0) ≈ f ′(0) = 1 in contradiction to the
Schwarz lemma.
2.4 Example. This and the next example can be found in [Gro3] (see also
[Wi]). Let X = {1 < |z| < r} and Y = {1 < |z| < R} be annuli in C. The
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space of homotopy classes of maps X → Y equals π1(Y ) = Z. However, if
1 < R < r then every holomorphic map X → Y is homotopic to constant
and hence the Oka principle fails. Furthermore, for any choice of values of
r, R > 1 only finitely many homotopy classes of maps X → Y are represented
by holomorphic maps. To see this, observe that the infimum of the Kobayashi
length of closed curves in X or Y which generate the respective fundamental
group is positive, and holomorphic maps do not increase the length. On the
other hand, the Oka principle holds for maps X → C\{0} from any Stein
manifold X (Section 3).
2.5 Example. The argument in Example 2.4 extends to any Kobayashi hy-
perbolic target manifold. Recall that a complex manifold Y is Kobayashi hy-
perbolic if for any point y ∈ Y and tangent vector v ∈ TyY ∈ {0} the set of all
numbers λ ∈ C of the form f ′(0) = λv for some holomorphic map f :U → Y ,
f(0) = y, is bounded: |λ| ≤ M for some M = M(y, v) < +∞. For instance,
the twice punctured plane C\{0, 1} is hyperbolic by Picard’s theorem. If we
take as before X to be an annulus then even the basic Oka principle fails for
maps X → Y = C\{0, 1} which is seen by the following argument from [Gro3,
p. 853]. Take a circle S = {|z| = ρ} ⊂ X and wrap is sufficiently many times
around each of the points 0, 1 by a smooth map f :S → Y . Since the mini-
mal Kobayashi length of closed curves representing a given homotopy class in
π1(Y ) increases to +∞ when we increase the number of rotations around the
two punctures, the length of f(S) in Y will exceed the length of S in X for
any f representing a suitably chosen class in π1(Y ). Since holomorphic maps
do not increase the Kobayashi length, it follows that such f is not homotopic
to any holomorphic map X → Y . In fact only finitely many classes in π1(Y )
can be represented by holomorphic maps X → Y .
2.6 Example. The following example, due to J.-P. Rosay (private communica-
tion), is an improvement of Proposition 2.2 in [CˇF]. It shows that holomorphic
graphs over the unit disc cannot avoid even fairly simple complex curves in C2.
Let (z, w) be complex coordinates on C2. For k ∈ C let
Σk = {w = 0} ∪ {w = 1} ∪ {w = kz} ∪ {zw = 1} ⊂ C2.
Proposition. (J.-P. Rosay) There is a k > 0 such that the graph of any
holomorphic function f :U = {|z| < 1} → C intersects Σk. (Indeed this is true
for every sufficiently large |k|.) On the other hand, for any k there exists a
smooth function U → C whose graph avoids Σk.
This should be compared with Examples 3.4 and 3.5 below on avoiding
subvarieties of codimension at least two. This is also in strong contrast to the
situation for holomorphic motions, i.e., disjoint unions of holomorphic graphs
over the disc, which can always be extended to maximal motions according to
Slodkowski [Sl1, Sl2].
Proof. The last statement is a simple topological exercise. Suppose now that
f :U → C\{0, 1} is a holomorphic function omitting 0 and 1. Denote by l the
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length of the circle C = {|z| = 1/2} with respect to the Kobayashi (=Poincare´)
metric on U . Denote by d the Kobayashi distance function on C\{0, 1}. Let
k0 = sup{|ζ| ∈ C\{0, 1}: inf
θ
d(ζ, 2eiθ) ≤ l}.
We have k0 < +∞ since C\{0, 1} is complete hyperbolic. Observe that the
Kobayashi length of f(C) ⊂ C\{0, 1} is at most l. We consider two cases.
Case 1. There exists a θ ∈ IR such that |f(eiθ/2)| ≤ 2. Then for all γ ∈ IR
we have |f(eiγ/2)| ≤ k0 by the choice of k0. Rouche´’s theorem shows that for
every k > 2k0 the equation kz− f(z) = 0 has a solution with |z| < 1/2, and at
this point the graph of f intersects Σk.
Case 2. For every θ ∈ IR we have |f(eiθ/2)| > 2. Since f has values in
C\{0, 1}, so does g = 1/f , and the above gives |g(eiθ/2)| < 1/2 for every θ.
Rouche´’s theorem implies that z− g(z) = z− 1f(z) has one zero with |z| < 1/2,
which means that zf(z) = 1 has a solution with |z| < 1/2. At this point the
graph of f intersects Σk. This completes the proof.
2.7 Example. This example is taken from [FP3]. For every n ∈ IN there
exists a discrete subset P ⊂ Cn such that the basic Oka principle fails for maps
X → Cn\P from some Stein manifold X. In fact this holds for any discrete set
P which is unavoidable in the sense of Rosay and Rudin [RR], i.e., such that
any entire map Cn → Cn of generically maximal rank intersects P infinitely
often. Alternatively, any entire map Ck → Cn\P has rank < n at each point
(here k may be different from n). The same holds for maps X → Cn\P for any
X covered by an affine space.
A simple argument shows that any holomorphic map X → Cn\P of rank
< n is homotopic to the constant map in Cn\P . However, for certain X
covered by an affine space there exist homotopically nontrivial smooth maps
X → Cn\P and hence the Oka principle fails. To obtain such an example let
n = 2 and X = (C\{0})3 (which is universally covered by C3). There is a
smooth contraction of X onto the standard torus T 3 ⊂ C3. Let f :T 3 → C2\P
be an embedding of T 3 onto a small hypersurface torus surrounding a point
p0 ∈ P . Composing f with the contraction X → T 3 we get a nontrivial smooth
map X → C2\P which is not homotopic to any holomorphic map.
Note that the infinitesimal Kobayashi pseudometric on Y = Cn\P is to-
tally degenerate, but the Kobayashi-Eisenmann volume form on Y is nontrivial
(when P is unavoidable).
&3. Mappings of Stein manifolds into subelliptic manifolds.
In this section we present results on the Oka principle for maps X → Y
from Stein source manifolds, as well as for section of submersions onto a Stein
base. Our main references are the papers by Grauert [Gra1, Gra2], Cartan
[Ca], Gromov [Gro3], and [FP1, FP2, FP3, F5].
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By definition every Stein manifold admits plenty of holomorphic maps to
complex affine spaces Cq. The basic idea introduced by Gromov [Gro3] is the
following. Suppose that a complex manifold Y admits sufficiently many dom-
inating holomorphic maps s: Cq → Y , where the domination property means
s is a submersion outside a subvariety of Cq. Then there also exist plenty of
holomorphic maps X → Y from any Stein X . (In some sense the idea is to
factor maps X → Y as X → Cq → Y .) What is needed in the proofs is
a family of dominating maps sy: C
q → Y , depending holomorphically on the
point y = sy(0) ∈ Y . This leads to the following concept of a dominating spray
introduced by Gromov [Gro3]. The notion of a dominating family of sprays
and of subelliptic manifolds was introduced in [F5].
3.1 Definition. A spray on a complex manifold Y is a holomorphic map
s:E → Y , defined on the total space of a holomorphic vector bundle p:E → Y ,
such that s(0y) = y for every y ∈ Y . The spray is dominating at y if its
differential ds0y :T0yE → TyY maps Ey (which is a linear subspace of T0y (E))
onto TyY ; it is dominating if this holds at every point y ∈ Y . A dominating
family of sprays is a collection of sprays sj:Ej → Y (j = 1, 2, . . . , k) such
that for every y ∈ Y we have
(ds1)0y (E1,y) + (ds2)0y (E2,y) · · ·+ (dsk)0y(Ek,y) = TyY. (3.1)
A manifold Y is called elliptic if it admits a dominating spray, and subelliptic
if it admits a finite dominating family of sprays.
3.2 Theorem. (The Oka principle for maps to subelliptic manifolds.)
If X is a Stein manifold and Y is a subelliptic manifold then mappings X → Y
satisfy the parametric Oka principle with interpolation and approximation.
Furthermore, the Oka principle holds (in all forms) for sections X → Z of any
holomorphic fiber bundle h:Z → X with subelliptic fiber Zx = h−1(x).
We emphasize that there is no restriction on the structure group of Z → X
(we may use the entire group of holomorphic automorphisms of the fiber). The-
orem 3.2 includes the results of Grauert [Gra1, Gra2] and Gromov [Gro3, Sec.
2]. Observe that (sub)ellipticity of a complex manifold eliminates Kobayashi
or Eisenman hyperbolicity.
Theorem 3.2 is proved constructively by approximation and gluing of holo-
morphic maps to Y (resp. of sections X → Z) defined on holomorphically con-
vex subsets of X . The main steps have been developed in the papers cited
above and in [FP1, FP2, FP3]. In [F5] the result was proved in the final form
as stated here. For an extension to sections of subelliptic submersions see
Theorem 3.8 below.
We now give examples of sprays and (sub)elliptic manifolds; thus the Oka
principle holds for maps from any Stein manifold to any manifold on this list.
Most of them can be found in [Gro3].
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3.3 Example: Complex homogeneous manifolds. Let G be a complex
Lie group which acts holomorphically and transitively on a complex manifold
Y by holomorphic automorphisms. Let g = TeG denote its Lie algebra and
exp: g→ G the associated exponential map. The map Y ×g→ Y , (y, t)→ ety,
is a dominating spray on Y and hence Y is elliptic. The Oka principle for maps
X → Y is due to Grauert [Gra1, Gra2].
3.4 Example: Sprays induced by complete vector fields. (See [Gro3]
and [FP1].) Let V1, . . . , Vk be holomorphic vector fields on Y which are com-
plete in complex time. Denote by θj: Y × C → Y the flow of Vj . The super-
position of these flows (in any order) gives a spray s: Y × Ck → Y which is
dominating at a point y ∈ Y if the vectors V1(y), . . . , Vk(y) span the tangent
space TyY . For example, if A ⊂ Cn is an algebraic subvariety of complex codi-
mension at least two then the complement Y = Cn\A admits a dominating
polynomial spray of this kind. (This fails for most complex hypersurfaces A,
see Example 2.6.) A complex Lie group admits sprays of this kind induced by
left (or right) invariant vector fields spanning the Lie algebra.
3.5 Example: Complements of projective subvarieties. If A is a closed
complex (=algebraic) subvariety of complex codimension at least two in the
complex projective space CIPn then the manifold Y = CIPn\A is subelliptic.
The same holds if we replace CIPn by a complex Grassmanian. The proof
proceeds as follows (see Proposition 1.2 in [F5]; the idea can be found in [Gro3]).
Removing a complex hyperplane L from CIPn we are left with Cn\A which
admits a dominating algebraic (polynomial) spray defined on a trivial bundle
E = (Cn\A) × Ck → Cn\A (Example 3.4). Let [L] = OCIPn(1) denote the
line bundle on CIPn determined by the divisor of L (the ‘hyperplane section
bundle’). For sufficiently large m > 0 the spray s extends to an algebraic spray
s˜:E ⊗ [L]−m → CIPn which is dominating over CIPn\(L ∪ A). Repeating this
with n+1 hyperplanes in general position we obtain a finite dominating family
of sprays on Y . The bundles of these sprays are nontrivial (in fact negative)
and hence we cannot combine them into a single dominating spray as we did
with the flows θj in Example 3.4. It is not known whether CIP
n\A is elliptic
for every such A.
3.6 Example: Matrix-valued maps with nonzero determinant. Let X
be a Stein manifold and g1, . . . , gk:X → Cn holomorphic maps (with 1 ≤ k < n)
such that the vectors g1(x), . . . , gk(x) ∈ Cn are C-linearly independent for
every x ∈ X . The problem is to find holomorphic maps gk+1, . . . , gn:X → Cn
such that the matrix g(x) = (g1(x), . . . , gn(x)) with columns gj(x) satisfies
det g(x) 6= 0 (or even det g(x) = 1) for every x ∈ X . The Oka principle holds in
this problem (in all forms); in particular, a holomorphic solution exists provided
there exists a continuous solution. To see this we consider the manifold
Z = {(x, vk+1, . . . , vn): x ∈ X, vj ∈ Cn for j = k + 1, . . . , n,
det(g1(x), . . . , gk(x), vk+1, . . . , vn) 6= 0}
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with the projection h:Z → X onto the first factor. A solution to the problem
is a section X → Z of this fibration. The Oka principle follows from the
observation that Z → X is a holomorphic fiber bundle whose fiber GLn−k(C)×
Ck(n−k) is a complex Lie group. For maps into SLn(C) is suffices to divide one
of the columns by the (nonvanishing) determinant function.
Theorem 3.2 extends to sections of subelliptic submersions which we now
introduce. Let h:Z → X be a holomorphic submersion onto X . For U ⊂ X we
write Z|U = h−1(U). For z ∈ Z we denote by V TzZ the kernel of dhz (which
equals the tangent space to the fiber of Z at z) and call it the vertical tangent
space of Z at z. The space V T (Z) → Z with fibers V TzZ is a holomorphic
vector subbundle of the tangent bundle TZ.
If p:E → Z is a holomorphic vector bundle we denote by 0z ∈ E the base
point in the fiber Ez = p
−1(z). At each point z ∈ Z (=the zero section of E)
we have a natural splitting T0zE = TzZ ⊕ Ez.
3.7 Definition. [Gro3, sec. 1.1.B] A spray associated to a holomorphic
submersion h:Z → X (an h-spray) is a triple (E, p, s), where p:E → Z is a
holomorphic vector bundle and s:E → Z is a holomorphic map such that for
each z ∈ Z we have s(0z) = z and s(Ez) ⊂ Zh(z). The spray s is dominating
at the point z ∈ Z if the derivative ds:T0zE → TzZ maps Ez (which is a
linear subspace of T0zE) surjectively onto V TzZ = ker dhz. The submersion
h:Z → X is called subelliptic if each point in X has an open neighborhood
U ⊂ X such that h:Z|U → U admits finitely many h-sprays (Ej, pj , sj) for
j = 1, . . . , k satisfying
(ds1)0z (E1,z) + (ds2)0z(E2,z) · · ·+ (dsk)0z(Ek,z) = V TzZ (3.2)
for each z ∈ Z|U . A collection of sprays satisfying (3.1) is said to be dominating
at z. A submersion h is elliptic if the above holds with k = 1.
Comparing with Definition 3.1 we see that a spray on a manifold Y is the
same thing as a spray associated to the trivial submersion Y → point. By
definition every elliptic submersion is also subelliptic, but the converse is not
known. A holomorphic fiber bundle Z → X is (sub)elliptic if and only if the
fiber has this property (since a spray on E induces an h-spray on the product
bundle h:U ×E → U).
3.8 Theorem. If h:Z → X is a subelliptic submersion onto a Stein manifold
X then sections f :X → Z satisfy the parametric Oka principle with interpo-
lation and approximation.
For elliptic submersions Theorem 3.8 coincides with Gromov’s Main The-
orem in [Gro3, Sec. 4.5]. The result is proved in [FP1] for fiber bundles with
elliptic fibers, in [FP2] for elliptic submersions but without interpolation, in
14
[FP3] for elliptic submersions with interpolation, and the extension to subel-
liptic submersions is obtained in [F5]. A version of the Oka principle for multi-
valued sections of ramified holomorphic maps can be found in [F6]. F. La´russon
[La´r] explained this result from the homotopy theory point of view.
Historical comments. The so-called classical case of Theorem 3.8 (for sec-
tions of principal fiber bundles with complex homogeneous fibers) is due to
Grauert theorem [Gra1, Gra2, Ca, Ram]. A very important develoment which
opened the way to generalizations was the work of Henkin and Leiterer in 1984
[HL1] (published in 1998 [HL2]) where they introduced the bumping method to
this problem. Its main advantage over the original method of Grauert is that
one only needs the Oka-Weil approximation theorem for sections of Z → X
over small subsets of the base manifold X . The second main contribution was
made by Gromov [Gro3] who replaced the exponential map on the fiber (which
was used in Grauert’s proof to linearize the problems and to patch local sec-
tions) by the more flexible notion of a dominating spray. The idea of using
several sprays instead of one is implicitly present in [Gro3], but the condition
which we call subellipticity was not formulated there explicitly.
3.9 Example: Avoiding subvarieties with algebraic fibers. Let h:Z →
X be a fiber bundle with fiber Zx = h
−1(x) ≃ CIPn or a complex Grassmanian.
Assume that A is a closed complex subvariety of Z whose fiber Ax = A∩Zx has
complex codimension at least two in Zx for every x ∈ X . (Ax is algebraic by
Chow’s theorem.) Then the restricted submersion h:Z\A → X is subelliptic
and hence Theorem 3.8 applies (Proposition 1.2 (b) in [F5]). If Z is obtained
from a holomorphic vector bundle E → X by taking projective closure of each
fiber (i.e., Zx ≃ CIPn is obtained by adding to Ex ≃ Cn the hyperplane at
infinity Λx ≃ CIPn−1 for every x ∈ X), the restricted submersion h:E\A→ X
is even elliptic (Corollary 1.8 in [FP2]). The Oka principle for such submersions
is used in the constructions of proper holomorphic immersion and embeddings
of Stein manifolds in affine spaces of minimal dimension (Section 5).
3.10 Ellipticity versus subellipticity. By definition every elliptic complex
manifold is also subelliptic. It is not known whether there exist subelliptic man-
ifolds which are not elliptic. Natural candidates for a possible counterexample
are the complements Y = CIPn\A of generic algebraic subvarieties A ⊂ CIPn
of codimension at least two (and of sufficiently large degree); see Example 3.5.
Such Y admits a finite dominating family of algebraic sprays defined on nega-
tive line bundles over CIPn, but we don’t see how to obtain a dominating spray.
(See [F5] for more.)
3.11 Problem. It is not known whether the Oka principle holds for maps
from Stein manifolds into the complement Y = Cn\K of any infinite compact
set K ⊂ Cn (this is unknown even if K is a closed ball). Such complements
have no Kobayashi-Eisenman hyperbolicity. If K is convex then every point
y ∈ Y = Cn\K is contained in a Fatou-Bieberbach domain Ωy ⊂ Y . However,
it is not known whether Y = Cn\K admits any nontrivial sprays. (It is easily
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seen that there are no sprays s: Y × CN → Y from a trivial bundle.) A good
test case for the validity of the Oka principle might be the holomorphic map
SL(2,C)→ C2\{0},
(
α β
γ δ
)
→ (α, β) (αδ − βγ = 1).
This map is clearly homotopic to a smooth map into Y = {z ∈ C2: |z| > 1}
but it is unknown whether it is homotopic to a holomorphic map to Y . (This
problem has been mentioned in [FP3].)
The main problem in this connection is the following. Suppose that C ⊂
B ⊂ Cm is a pair of compact convex sets. Let K be a closed ball in Cn and
let f : C˜ → Cn\K be a holomorphic map on a neighborhood of C whose range
avoids K. Is it possible to approximate f uniformly on C by a holomorphic
map f˜ : B˜ → Cn\K defined on a neighborhood of B ?
3.12 Problem. For any Stein manifold Y Theorem 3.2 has the following
converse: If the Oka principle holds for maps X → Y from any Stein manifold
X, with second order interpolation on any closed complex submanifold X0 ⊂ X,
then Y admits a dominating spray [Gro3, FP3]. In [Gro3] the reader can find
some further examples of target manifolds Y for which this holds, but it is not
known whether it holds for all manifolds.
&4. Removing intersections with complex subvarieties.
LetX and Y be complex manifolds and A ⊂ Y a closed complex subvariety
of Y . Given a holomorphic map f :X → Y we write f−1(A) = {x ∈ X : f(x) ∈
A} and call it the intersection set of f with A. The question is to what extent
is it possible to prescribe the intersection set if f is allowed to vary within a
homotopy class of maps X → Y . More precisely, we consider the following
4.1 Problem. Suppose that f−1(A) = X0∪X1, where X0, X1 ⊂ X are disjoint
complex subvarieties of X . When is it possible to remove X1 from f
−1(A) by
homotopy of holomorphic maps ft:X → Y (t ∈ [0, 1]) which is fixed on X0 and
satisfies f0 = f and f
−1
1 (A) = X0?
In the simplest case when X = C and A consists of d points in Y = CIP1
the answer changes when passing from d = 2 to d = 3: One can prescribe the
pull-back of any two points in CIP1 by a holomorphic map f : C→ CIP1 (and
there are infinitely many such maps), but when d ≥ 3 the pull-back divisor f∗A
completely determines the map f . Similar situation occurs when A consists of
d hyperplanes in general position in Y = CIPn: we have flexibility (=infinitely
many maps) for d ≤ n+ 1 and rigidity (few maps) for d ≥ n+ 2.
We say that the Oka principle holds if the existence of a homotopy of
continuous maps X → Y (which remain holomorphic near X0 and remove X1
from the preimage) implies the existence of a holomorphic homotopy with the
required properties. We break down the problem as follows.
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Step 1: Find a homotopy ft:X → Y (0 ≤ t ≤ 1/2) with f0 = f such that each
ft equals f in an open neighborhood of X0 in X and f
−1
1/2(A) = X0.
This is a homotopy theoretical problem.
Step 2: With f1/2 as in Step 1, find a homotopy ft:X → Y (1/2 ≤ t ≤ 1) such
that each ft is holomorphic near X0 and matches f on X0, f
−1
t (A) =
X0 for each t, and f1 is holomorphic on X . A solution is given by
Theorem 4.2 below when X is Stein and Y \A is subelliptic.
Step 3: Deform the combined homotopy ft (0 ≤ t ≤ 1) from Steps 1 and 2,
with fixed f0 and f1, to a holomorphic homotopy f˜t:X → Y (t ∈ [0, 1])
such that the resulting two-parameter homotopy is fixed along X0.
This is possible if X is Stein and Y is subelliptic (Theorem 4.4 below).
The conclusion is that the Oka principle holds in Problem 4.1 provided that
X is Stein and the manifolds Y and Y \A are subelliptic. Examples of such pairs
A ⊂ Y are algebraic subvarieties of codimension at least two (or those with
homogeneous complement) in Cn, CIPn, or in a complex Grassmanian manifold.
We now present the results mentioned above (see [F4, F5] for more). Thus
Theorem 4.2 provides a solution to Step 2 and Theorem 4.4 provides a solution
to Step 3.
4.2 Theorem. Let A be a closed complex subvariety of a complex manifold
Y . Let X be a Stein manifold, K ⊂ X a compact O(X)-convex subset, and
f :X → Y a continuous map which is holomorphic in an open set U0 ⊂ X
containing f−1(A) ∪K. If Y \A is subelliptic then for any r ∈ IN there are an
open set U ⊃ f−1(A)∪K and a homotopy ft:X → Y (t ∈ [0, 1]) of continuous
maps such that f0 = f , ft is holomorphic in U and tangent to f to order r
along f−1t (A) = f
−1(A) for each t ∈ [0, 1], and f1 is holomorphic on X .
4.3 Corollary. The conclusion of Theorem 4.2 holds in the following cases:
(a) Y is an affine space Cn, a projective space CIPn or a complex Grassmanian
and A ⊂ Y is an algebraic subvariety of codimension at least two.
(b) Y = CIPn and A consists of at most n+1 hyperplanes in general position.
(c) A complex Lie group acts transitively on Y \A.
In any of these cases Y \A is subelliptic by the results stated in section
three. Note that (b) is a special case of (c).
4.4 Theorem. (The Oka principle for removing intersections.) As-
sume that f :X → Y is a holomorphic map of a Stein manifoldX to a subelliptic
manifold Y , A ⊂ Y is a complex subvariety such that Y \A is subelliptic, and
f−1(A) = X0 ∪X1 where X0 and X1 are unions of connected components of
f−1(A) with X0 ∩X1 = ∅. If there exists a homotopy f˜t:X → Y (t ∈ [0, 1]) of
continous maps satisfying f˜0 = f , f˜
−1
1 (A) = X0, and f˜t|U = ft|U for some open
set U ⊃ X0 and for all t ∈ [0, 1] then for each r ∈ IN there exists a homotopy
of holomorphic maps ft:X → Y such that f = f0, f−11 (A) = X0, and for each
t ∈ [0, 1] the map ft agrees to order r with f along X0.
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Note that X0 is a union of connected components of f
−1
t (A) for every
t ∈ [0, 1]. In plain language Theorem 4.4 says the following. Suppose that we
can remove X1 from f
−1(A) = X0 ∪ X1 by a homotopy of continuous maps
X → Y which agree with f in a neighborhood of X0. If Y and Y \A are both
subelliptic then X1 can also be removed from the preimage of A by a homotopy
of holomorphic maps X → Y which agree with f to any given order on X0.
Theorem 4.4 applies if Y is any of the manifolds Cn, CIPn or a complex
Grassmanian (these are complex homogeneous and therefore elliptic) and A ⊂
Y is as in Corollary 4.3. When Y = Cd and Y \A is elliptic, Theorem 4.4
coincides with Theorem 1.3 in [F5].
4.5 Example: The Oka principle for complete intersections. When A
is the origin in Y = Cd Theorem 4.4 implies the following result of Forster and
Ramspott [FRa] from 1967. Suppose that a complex subvariety X0 ⊂ X is a
complete intersection of codimension d in an open set U ⊃ X0 in X , given by
d functions f1, . . . , fd ∈ O(U) which together generate the ideal of X0 at each
point. If these functions admit continuous extensions to X with no additional
common zeros then X0 is a (global) complete intersection in X . The analogous
result holds for set-theoretic complete intersections.
4.6 Example: Smooth versus holomorphic complete intersections. In
[F4] it was proved that there exists a three dimensional closed complex sub-
manifold X in C5 which is a smooth (even real-analytic) complete intersection
but which is not a holomorphic complete intersection. More precisely, given
any compact orientable two dimensional surface M of genus g ≥ 2, there is a
three dimensional Stein manifold X which is homotopy equivalent to M and
whose tangent bundle TX is trivial as a real vector bundle but is nontrivial
as a complex vector bundle over X . The image of any proper holomorphic
embedding of X in C5 (or in C7) is a smooth complete intersection in C5 (resp.
C7) but is not a holomorphic complete intersection in any open neighborhood
of X (since its normal bundle is nontrivial as a complex vector bundle on X).
The following problem remains open.
Problem: Let X ⊂ Cn be a closed complex submanifold such that (i) X is
a smooth complete intersection in Cn, and (ii) its normal bundle TCn|X/TX
is trivial as a complex vector bundle (hence X is a holomorphic complete in-
tersection in an open neighborhood U ⊂ Cn). Is X a holomorphic complete
intersection in Cn ?
4.7 Example: Unavoidable discrete sets. Theorem 4.4 fails if Y = Cn
and A is any unavoidable discrete subset of Cn (see Example 2.7 above). To
see this, write A = {p} ∪ A1 for some p ∈ A. Then A1 is still unavoidable and
consequently every entire map F : Cn → Cn\A1 has rank < n at each point.
Take X = Cn, f = Id: Cn → Cn, X0 = {p} and X1 = A1. The conditions of
Theorem 4.4 are clearly satisfied but its conclusion fails since the rank condition
for holomorphic maps F : Cn → Cn\A1 implies that F−1(p) contains no isolated
points, and hence X0 = {p} cannot be a connected component of F−1(p).
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&5. Embeddings and immersions of Stein manifolds.
In this section we collect results on holomorphic immersions and embed-
dings of Stein manifolds into affine complex spaces. There has been considerable
progress on this subject since the 1990 survey of Bell an Narasimhan [BN].
In 1956 Remmert [Rem] proved that every Stein manifold of dimension
n ≥ 1 admits a proper holomorphic embedding in C2n+1 and a proper holo-
morphic immersion in C2n. Further results were obtained by several authors
(Narasimhan [Na1, Na2], Bishop [Bis], Ramspott [Ram], Forster [Fs1, Fs2],
Schaft [Sht], and others). The following optimal result, due to Eliashberg and
Gromov, was announced in 1971 [GE] and proved in 1992 [EG]). An improve-
ment of the embedding dimension for odd n is due to Schu¨rmann [Sch] (1997).
5.1 Theorem. Every Stein manifold X of dimension n > 1 admits a proper
holomorphic embedding in C[3n/2]+1 and a proper holomorphic immersion in
C[3n+1/2]. Also there exists a (not necessarily proper) holomorphic immersion
X → C[3n/2].
Schu¨rmann [Sch] also proved an optimal embedding theorem for Stein
spaces with singularities which have uniformly bounded local embedding di-
mension. Recently J. Prezelj [Pr2] constructed proper weakly holomorphic em-
beddings of Stein spaces with isolated singularities in Euclidean spaces of min-
imal dimension. These results strongly depend on Lefschetz’s theorem to the
effect that a Stein manifold is homotopically equivalent to a CW-complex of
real dimension at most dimCX [AF]. The following example of Forster [Fs1]
shows that the dimensions in Theorem 5.1 cannot be lowered.
5.2 Example. Let
Y = {[x: y: z] ∈ CIP2:X2 + y2 + z2 6= 0}
X =
{
Y m, if n = 2m;
Y m × C, if n = 2m+ 1.
Clearly X is a Stein manifold of dimension n. Forster proved [Fo1, Proposition
3] that the Stiefel-Whitney class w2m(TX) is the nonzero element of the group
H2m(X ;Z2) = H
2m((IRIP2)m;Z2) = Z2 and consequently the Chern class
cm(TX) is the nonzero element of H
2m(X ;Z) = Z2. It follows that X does
not embed in C[3n/2] and does not immerse in C[3n/2]−1 (see [Hu, p. 263]). ♠
The proof of Theorem 5.1 in [EG] and [Sch] relies on the elimination of
singularities method and on the Oka principle for sections of certain submer-
sions onto Stein manifolds (Example 3.9 above). We describe the main idea.
One begins by choosing a generic almost proper holomorphic map b:Xn → Cn
constructed by Bishop [Bis]. This means that the b-preimage of any compact
set in Cn has (at most countably many) compact connected components. We
then try to find a map g:X → Cq which ‘desingularizes b’ in the sense that
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f = (b, g):X → Cn+q is a proper holomorphic embedding (resp. immersion).
Properness is easily achieved by choosing g sufficiently large on a certain se-
quence of compact sets in X (here we need that b is almost proper).
To insure that f = (b, g) is an immersion we must choose g such that
its differential dgx is nondegenerate on the kernel of dbx at each x ∈ X . To
obtain injectivity we must choose g to separate points on the fibers of b. Both
requirements can be satisfied if q ≥ [n/2] + 1 and this number is determined
by topological restrictions. (The immersion condition requires q ≥ [n/2].) One
proves this by a finite induction. We stratify X by a descending finite chain of
closed complex subvarieties X = X0 ⊃ X1 ⊃ X2 . . . ⊃ Xm = ∅ such that the
kernel of dbx has constant dimension on each stratum Sk = Xk\Xk+1 (which
is chosen to be nonsingular), and the number of distinct points in b−1(x) is
constant for x ∈ Sk. (In the actual proof we must replace X by a suitable
subset B ⊂ X which is mapped by b properly onto a bounded domain in Cn;
in the end we perform an induction by increasing B to X .) Furthermore, once
we have a map gk:X → Cq satisfying these conditions along Xk, we choose
gk−1:X → Cq such that it satsfies both condition on the next stratum Sk−1
and agrees with gk to second order alongXk (so that gk−1 does not destroy what
gk has achieved). A suitable gk−1 is obtained by the Oka principle (Section 3)
provided there are no topological obstructions, and this is so when q ≥ [n/2]+1.
Although Theorem 5.1 gives the optimal result for the entire collection of
n-dimensional Stein manifolds, the method does not give a better result for
‘simple’ Stein manifolds which are expected to embed in lower dimensional
space. For instance, it is not known what is the minimal proper embedding
dimension of the polydisc or the ball in Cn. Globevnik proved by a different
method (using shear automorphisms of Cn) that there are arbitrarily small
perturbations of the polydisc in Cn which embed in Cn+1 [Gl2].
5.3 Question. What is the proper holomorhic embedding dimension of the
ball? The polydisc? A general convex domains in Cn? How does it depend on
the topology and geometry of the domain?
We now consider the existence of relative embeddings. The following result
was proved in [ABT] following the method of Narasimhan [Na2].
5.4 Theorem. Suppose that X is a Stein manifold of dimension n, Y ⊂ X
is a closed complex submanifold in X and f : Y → CN is a proper holomorphic
embedding. If N ≥ 2n+1 there exists a proper holomorphic embedding f˜ :X →
CN extending f .
It is not known whether Theorem 5.4 is valid for N = 2n, but it is false
for N ≤ 2n− 1 by Corollary 5.7 below which follows from the following inter-
polation results for holomorphic embeddings from [BFn] and [F3].
5.5 Theorem. Let Σ be a discrete subset of CN for some N > 1. If a Stein
manifold X admits a proper holomorphic embedding f0:X → CN then X also
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admits an embedding f :X → CN whose image f(X) contains Σ. In addition
we may choose f such that for every entire map ψ: Cd → CN whose rank equals
d = N − dimX at most points of Cd the set ψ(Cd)∩ f(X) is infinite. If d = 1,
we may insure that CN\f(X) is Kobayashi hyperbolic.
5.6 Corollary. Let n, d ≥ 1, N = n+ d. There exists a proper holomorphic
embedding f : Cn → CN such that every entire map ψ: Cd → CN of rank d
intersects f(Cn) at infinitely many points. For d = 1 we may choose f such
that Cn+1\f(Cn) is Kobayashi hyperbolic.
The proofs in [BFn] and [F3] use results on holomorphic automorphisms
of CN obtained in [And, AL, FRo]. The first result in this direction [FGR]
was that there exist holomorphically embedded complex lines in C2 which are
not equivalent to the standard embedding C→ C×{0} ⊂ C2 by automorphisms
of C2. This is in strong contrast to the situation for algebraic (polynomial)
embeddings C → C2 which are all equivalent to the standard embedding by
polynomial automorphisms of C2 according to Abhyankar and Moh [AM]. Using
such ‘twisted’ holomorphic embeddings of C in C2 Derksen and Kutzschebauch
constructed nonlinearizable periodic holomorphic automorphisms of C4 [DK].
5.7 Corollary. For every n ≥ 2 there exists a proper holomorphic embedding
f : Cn−1 → C2n−1 which does not admit an injective holomorphic extension
f˜ : Cn → C2n−1.
Proof. Choose f : Cn−1 → C2n−1 as in Corollary 5.6 such that the range of any
entire map Cn → C2n−1 of generic rank n intersects f(Cn−1). If f˜ : Cn → C2n−1
is an injective holomorphic extension of f : Cn−1 × {0} → C2n−1 then
ψ(z) = ψ(z1, . . . , zn) = f˜
(
z1, . . . , zn−1, e
zn
)
(z ∈ Cn)
is an entire map which has rank n at a generic point of Cn and whose image
misses f(Cn−1) ⊂ C2n−1 in contradiction to the assumption on f . ♠
In Theorem 5.5 the image f(X) ⊂ CN contains a given discrete set {pj} ⊂
CN , but we don’t specify the points in X which correspond to the points pj
under the embedding f . The following more precise interpolation theorem was
proved recently by J. Prezelj [Pr1].
5.8 Theorem. Let X be a Stein manifold of dimension n ≥ 1. Define q(n) =
min{[n+12 ] + 1, 3}. Then for any N ≥ n + q(n) and any pair of discrete sets
{ak} ⊂ X , {bk} ⊂ CN there exists a proper holomorphic embedding f :X → CN
satisfying f(ak) = bk for every k = 1, 2, 3, . . .. The analogous conclusion holds
for proper holomorphic immersions X → CN when N ≥ [ 3n+12 ].
Comparing with Theorem 5.1 we see that the embedding dimension is min-
imal for even n and is off by at most one for odd n. Prezelj’s proof in [Pr1]
uses an improved version of the scheme from [EG] and [Sch]. By entirely differ-
ent methods (using holomorphic automorphisms) J. Globevnik proved that the
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conclusion of Theorem 5.8 also holds for proper holomorphic embeddings of the
unit disc in C2 [Gl3]. A Carleman type embedding theorem (approximating
a given smooth proper embedding IR → Cn in the fine C∞ topology on IR by
proper holomorphic embeddings C→ Cn) was proved in [BF].
It is not known whether proper holomorphic immersions or embeddings of
Stein manifolds satisfy the Oka principle. However, non-proper holomorphic
immersions of Stein manifolds do satisfy the following Oka principle (Gromov
and Eliashberg [GE]; see also section 2.1.5. in [Gro2]).
5.9 Theorem. If the cotangent bundle T ∗X of a Stein manifold is generated
by q differential (1, 0)-forms θ1, . . . , θq for some q > dimX then there exists a
holomorphic immersionX → Cq. More precisely, every such q-tuple (θ1, . . . , θq)
can be changed by a homotopy (through q-tuples generating T ∗X) to a q-tuple
(df1, . . . , dfq) where f = (f1, . . . , fq):X → Cq is a holomorphic immersion.
The idea of the proof is the following. By the Oka-Grauert principle we
may assume that θj are holomorphic 1-forms. In the first step one of the forms,
say θq, is replaced by the differential dfq of a holomorphic function on X such
that θ1, . . . , θq−1, dfq still generate T
∗X . Since q > dimX , we may assume
that the forms θ1, . . . , θq−1 already generate T
∗X outside a proper complex
subvariety Σ ⊂ X , and fq must satisfy an essentially algebraic condition on
its jet along Σ. Once fq has been chosen one proceeds in the same way and
replaces θq−1 with an exact differential. In finitely many steps all forms are
replaced with differentials. The technical details of the proof are considerable.
&6. Embeddings of open Riemann surfaces in the affine plane.
In this section we describe the state of knowledge on the following problem.
6.1 Problem. Does every open Riemann surface admit a proper holomorphic
embedding in C2? Is the algebra of global holomorphic functions on such a
surface always doubly generated?
Open Riemann surfaces are precisely Stein manifolds of dimension one,
and in view of Theorem 5.1 (on embedding n-dimensional Stein manifolds in
C[3n/2]+1 for n > 1) one might expect that they embed in C2. (For compar-
ison we recall that every compact Riemann surface embeds in CIP3 but most
of them don’t embed in CIP2 [FK].) The proof of Theorem 5.1 only gives em-
beddings into C3, the reason being that for embeddings X →֒ C2 it runs into
a hyperbolicity obstruction (Example 2.6 in Section 2). The main difficulty
is to find injective holomorphic maps to C2; this is essentially equivalent to
the algebra of holomorphic functions being doubly generated. Here are some
Riemann surfaces which are known to embed in C2:
– the disc U = {z ∈ C: |z| < 1} (Kasahara and Nishino [Ste]);
– annuli {1 < |z| < r} (Laufer [Lau]),
– punctured disc U\{0} (Alexander [Ale]),
22
– all finitely connected planar domains Ω ⊂ C different from C whose bound-
ary contains no isolated points (Globevnik and Stensønes [GS]).
We now consider the embedding problem for bordered Riemann surfaces.
Let R be a compact, orientable, smooth real surfaces whose boundary bR =
∪mj=1Cj consists of finitely many curves and no isolated points. Such R is a
sphere with g handles (g is the geometric genus ofR) andm ≥ 1 holes (removed
discs). A complex structure onR is determined by a real endomorphism J of the
tangent bundle TR satisying J2 = −Id (Gauss-Ahlfors-Bers). Without loss of
generality we may assume that J is Ho¨lder continuous of class Cα(R) for a fixed
α ∈ (0, 1). A differentiable function f :R→ C is J-holomorphic if df ◦ J = idf
where i =
√−1. Two complex structures J0 and J1 are equivalent if there
exists a diffeomorphism φ:R → R of class C1,α(R) satisfying dφ◦J0 = J1 ◦dφ.
The set of equivalence classes of complex structures on R is the moduli space
M(R) of Riemann surface structures on R. The following result from [CˇF]
shows that there are no topological obstructions for embedding finite bordered
Riemann surfaces in C2.
6.2 Theorem. For every smooth bordered surface R there exists a nonempty
open set Ω ⊂M(R) such that for every complex structure J on R with [J ] ∈ Ω
the open Riemann surface R˚ = R\bR admits a proper J-holomorphic embed-
ding in C2.
Theorem 6.2 follows from the following result in [CˇF] which sems to contain
all known results on embeddings in C2 except for the punctured disc. (For
planar domains see [GS] and [CˇG]). Let U = {z ∈ C: |z| < 1}.
6.3 Theorem. Let (R, J) be a finite bordered Riemann surface of genus g
with m boundary components, where J is of class Cα(R) for some α ∈ (0, 1).
Assume that there exists an injective immersion f = (f1, f2):R → U × C of
class C2 which is J-holomorphic in R˚, |f1| = 1 on bR, and the generic fiber of
f1 contains at least 2g+m−1 points. Then R˚ admits a proper J-holomorphic
embedding in C2. Furthermore, for every complex structure J˜ sufficiently Cα
close to J the surface R˚ also admits a proper J˜-holomorphic embedding in C2.
6.4 Corollary. The following Riemann surfaces admit a proper holomorphic
embedding in C2:
(i) finitely connected domains in C without isolated boundary points,
(ii) every complex torus with one hole,
(iii) every bordered Riemann surface whose double is hyperelliptic.
The proof of Theorems 6.2 and 6.3 in [CˇF] is based partly on the method
developed by Globevnik and Stenønes [GS] who proved the result for planar
domains. In this case the conditions in Theorem 6.3 are satisfied if we take
g(z) = z and f an inner function of degree ≥ m− 1, where m is the number of
boundary components of the domain.
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A hyperelliptic (compact) Riemann surface X is the normalization of a
curve in CIP2 given by
y2 =
g∏
j=0
(x− αj)(1− αjx) (6.1)
for distinct points αj ∈ U (0 ≤ j ≤ g), where g = g(X) is the genus of X . If
X is the double of a bordered Riemann surface R then g(X) = 2g(R) +m− 1
where m is the number of boundary curves of R (which equals either 1 or 2 in
this case), and the representation (6.1) can be chosen such that R = {(x, y) ∈
X : |x| ≤ 1}. The pair of functions
f1 = y/
g∏
j=0
(1− αjx), f2 = x
provides an embedding f = (f1, f2):R → U2 which maps bR into the torus
(bU)2. Clearly g has multiplicity two. From f21 =
∏g
j=0(f2 − αj)/(1 − αjf2)
which follows from (6.1) we see that f1 has multiplicity g+1 = 2g(R)+m and
hence Theorem 6.3 applies. Sikorav gave a slightly different proof for embed-
ding of complex tori with one hole (unpublished); these are all hyperelliptic.
The proof of Theorem 6.3 goes as follows. Let P = (2U) × (RU) ⊂ C2
for some R > sup |f2|. Globevnik and Stensønes [GS, Gl1] found arbitrarily
small smooth perturbations S ⊂ C2 of the cylinder S0 = bU × C such that the
connected component ΩS of P\S containing the origin is of the form ΩS =
Ω˜S ∩ P for some Fatou-Bieberbach domain Ω˜S ⊂ C2. Let φS : Ω˜S → C2 be
a biholomorphic (Fatou-Bieberbach) map. If fS = (fS1 , f
S
2 ):R → ΩS is a
continuous map which maps R˚ holomorphically into ΩS and maps bR into
S ∩ P then clearly φS ◦ fS : R˚ → C2 is a proper holomorphic embedding. A
map fS with these properties is obtained from the initial map f satisfying
the hypothesis of Theorem 6.3 by solving a Riemann-Hilbert boundary value
problem on R (in fact we only need to perturb the first component of f).
6.5 Open problems.
(a) Does every finite Riemann surface with boundary consisting of finitely
many closed curves and isolated points embed in C2?
(b) Does every planar domain with finitely many punctures embed in C2?
&7. Noncritical holomorphic functions and submersions.
In 1967 Gunning and Narasimhan [GN] proved that every open Riemann
surface admits a holomorphic function without critical points, thus giving an
affirmative answer to a long standing question. Open Riemann surfaces are
precisely Stein manifolds of complex dimension one. In the recent paper [F8]
the result of [GN] was extended to Stein manifolds of any dimension.
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7.1 Theorem. (Theorem I in [F8].) Every Stein manifold admits a holomor-
phic function without critical points. More precisely, an n-dimensional Stein
manifold admits [n+12 ] holomorphic functions with pointwise independent dif-
ferentials and this number is maximal for every n.
In fact the manifold X in Example 5.2 above does not admit [n+12 ] + 1
functions with independent differentials, the reason being that cm(X) 6= 0 for
m = [n/2] (Proposition 2.11 in [F8]).
Furthermore it is proved in [F8] (Theorem 2.1 and Corollary 2.2) that
for any discrete subset P in a Stein manifold X there exists a holomorphic
function f ∈ O(X) whose critical set equals P , and one can prescribe the finite
order jet of f at each point of P . Any noncritical holomorphic function on a
closed complex submanifold X0 in a Stein manifold X extends to a noncritical
holomorphic function on X , and hence X admits a nonsingular hypersurface
foliation transverse to the submanifold X0.
The main result of [F8] is a homotopy principle for holomorphic submer-
sions of Stein manifolds to Euclidean spaces of lower dimension. A holomorphic
map f :X → Cq is a submersion if dfx:TxX → Tf(x)Cq ≃ Cq is surjective for
every x ∈ X , and hence its differential induces a surjective complex vector
bundle map of the tangent bundle TX onto the trivial bundle X × Cq. For
q < dimX this necessary condition for the existence of a submersion X → Cq
is also sufficient. The following is Theorem II in [F8].
7.2 Theorem. If X is a Stein manifold and 1 ≤ q < dimX then every
surjective complex vector bundle map TX → X × Cq is homotopic (in the
space of surjective vector bundle maps) to the differential of a holomorphic
submersion X → Cq. If f0, f1:X → Cq are holomorphic submersions whose
differentials are homotopic through a family of surjective complex vector bundle
maps θt:TX → X × Cq (t ∈ [0, 1]) then there exists a regular homotopy of
holomorphic submersions ft:X → Cq (t ∈ [0, 1]) connecting f0 to f1.
For a more precise result (with approcimation and interpolation) see The-
orem 2.5 in [F8]. It is not known whether the same conclusion holds for
q = dimX , except on open Riemann surfaces where it was proved in [GN].
The corresponding homotopy principle for submersions of smooth open mani-
folds to IRq is due to Phillips [Ph1, Ph3] (see also [Gr2]). For an extension to
smooth (or real-analytic) foliations see [Ph2] and [Th1, Th2].
In [F8] the reader can find numerous applications to the existence of non-
singular holomorphic foliations on Stein manifolds. For instance we have the
following (Corollary 2.9 and Theorem 7.1 in [F8]).
7.3 Corollary. Let X be a Stein manifold of dimension n and E ⊂ TX
a complex subbundle of rank k ≥ 1. If the quotient bundle TX/E is trivial
or admits locally constant transition functions then E is homotopic (through
complex rank k subbundles of TX) to the tangent bundle of a nonsingular
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holomorphic foliation of X . If E is holomorphic then the homotopy may be
chosen through holomorphic subbundles.
When TX/E is trivial (of rank q = n− k) the foliation in Corollary 7.3 is
given by a holomorphic submersion X → Cq.
To any complex subbundle E ⊂ TX we associate its polar Θ = E⊥ ⊂ T ∗X
with fibers Θx = {ω ∈ T ∗xX :ω(v) = 0 for all v ∈ Ex}. Then Θ = (TX/E)∗
and the first part of Corollary 7.3 can be equivalently expressed as follows:
Any trivial complex subbundle Θ ⊂ T ∗X of rank q < dimX is homotopic to a
subbundle generated by independent holomorphic differentials df1, . . . , dfq.
By the Lefschetz theorem [AF] a Stein manifold X of complex dimension
n is homotopic to a CW-complex of real dimension at most n. Elementary
homotopy theory implies that every complex vector bundle of rank m ≥ [n/2]+
1 on X admits a nonvanishing section. Applying this inductively we see that
T ∗X admits a trivial complex subbundle of rank [(n+ 1)/2]. Hence Corollary
7.3 implies
7.4 Corollary. Every n-dimensional Stein manifold X admits nonsingular
holomorphic foliations of any dimension k ≥ [n/2]. If X is holomorphically
parallelizable, it admits a holomorphic submersion X → Cn−1 and holomorphic
foliations of any dimension 1, 2, . . . , n− 1.
It is conjectured that every parallelizable Stein manifold of dimension n
admits a holomorphic submersion (=immersion) in Cn (see 7.5 below). The
construction of submersions X → Cq in [F8] breaks down for q = dimX due to
a Picard type obstruction in the approximation problem for submersions on Eu-
clidean spaces. For example, the complex n-sphere Σn = {z ∈ Cn+1:∑nj=0 z2j =
1} is (algebraically) parallelizable for any n ∈ IN, and an explicit holomorphic
immersion Σn → Cn was found by J. J. Loeb (see [BN, p.18]). The complement
CIP2\C of any smooth cubic curve C ⊂ CIP2 is also algebraically parallelizable,
but is is not known whether they all immerse in C2.
The construction of noncritical holomorphic functions and submersions in
[F8] depends on three main ingredients. The first is a method for approximat-
ing noncritical holomorphic functions on polynomially convex subsets of Cn
by entire noncritical functions. This uses the theory of holomorphic automor-
phisms of affine complex spaces from [And, AL, FRo]. A similar method is
used for submersions Cn → Cq with 1 < q < n, but with a weaker conclusion.
The second crucial new ingredient is a tool for patching holomorphic maps
preserving the maximal rank condition. If A,B ⊂ X is a Cartan pair in a
complex manifold X then every biholomorphic map γ sufficiently uniformly
close to the identity in a neighborhood of A ∩ B admits a decomposition γ =
β ◦ α−1, where α (resp. β) is a biholomorphic map close to the identity in a
neighborhood of A (resp. of B). If γ preserves a holomorphic foliation of X
then α and β can be chosen to preserve it as well (Theorem 4.1 in [F8]. The
map γ arises as a ‘transition map’ between a pair of holomorphic submersions
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f resp. g defined in a neighborhood of A (resp. of B), satisfying f = g ◦ γ near
A ∩B. From γ = β ◦ α−1 we obtain f ◦ α = g ◦ β which gives a submersion in
a neighborhood of A ∪B.
The construction of holomorphic submersions X → Cq for q > 1 in [F8]
also uses a new device for crossing the critical points of a strongly plurisub-
harmonic exhaustion function ρ:X → IR. (This is not needed for q = 1.) Let
p ∈ X be a Morse critical point of ρ. Using a special case of Gromov’s convex
integration lemma one obtains a smooth maximal rank extension of the map f
from a sublevel set {ρ ≤ c} ⊂ X (where c < ρ(p) is close to ρ(p)) to a totally
real handle E ⊂ X attached to {ρ ≤ c} which describes the change of topology
at p. This forms an intrinsic link between the smooth and holomorphic submer-
sions, the main point being that the complex submersion differential relation
is ample in coordinate directions on any totally real submanifold. One then
constructs a smooth family of increasing strongly pseudoconvex neigborhoods
of {ρ ≤ c} ∪ E such that the largest one contains the sublevel set {ρ < c′} for
some c′ > ρ(p). This reduces the extension problem to the noncritical case for
a different strongly plurisubharmonic function and lets us pass the critical level
of ρ at p.
7.5 Open problems.
1. Let X be a parallelizable Stein manifold of dimension n > 1. Does there
exist a holomorphic immersion (=submersion) Xn → Cn? For n = 1 the
affirmative answer was given by Gunning and Narasimhan [GN] in 1967.
Not much is known for n > 1 (see e.g. [Na3] and [BN]). A positive answer
would follow from the positive answer to any of the following problems.
2. Let B be an open convex set in Cn. Is every holomorphic immersion
(=submersion) B → Cn a limit of entire immersions Cn → Cn, uniformly
on compacts in B ? The same question may be asked for maps with con-
stant Jacobian; compare with the Jacobian problem for polynomial maps
[BN, p. 21].
3. Let f :Xn → Cn−1 be a holomorphic submersion and let F denote the
foliation {f = c}, c ∈ Cn−1. Assuming that the tangent bundle TF is
trivial, find a g ∈ O(X) which is noncritical on every leaf of F . (The map
(f, g):X → Cn is then locally biholomorphic.)
The methods used in [F8] are highly transcendental and it would be inter-
esting to see how much of this theory survives in the algebraic category.
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